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ABSTRACT
Most galaxy evolution simulations as well as a variety of observational methods assume a
linear scaling between the (galaxy-averaged) dust-to-gas ratio D and metallicity Z of the
interstellar medium (ISM). Indeed, nearby galaxies with solar or moderately sub-solar metal-
licities clearly follow this trend albeit with significant scatter. However, a growing number of
observations show that the linear scaling breaks down for metal-poor galaxies (Z . 0.2 Z),
highlighting the need for a more sophisticated modeling of the dust-to-metal ratio of galaxies.
Here we study the co-evolution of dust and metal abundances in galaxies with the help of a
dynamical, one-zone model that incorporates dust formation and destruction processes in ad-
dition to gas inflows, outflows, and metal enrichment. The dynamical model is consistent with
various observational constraints, including the stellar mass – metallicity relation, the stellar
mass – halo mass relation, and the observed Z –D relation for both metal-poor and metal-rich
galaxies. The functional form of the Z – D relation follows from a basic equilibrium ansatz,
similar to the ideas used previously to model the stellar mass – metallicity relation. Galactic
outflows regulate the inflow rate of gas from the cosmic web for galaxies of a given star for-
mation rate. The mass loading factor of outflows thus dictates the rate at which the dust and
metal content of the ISM is diluted. The stellar mass dependence of the mass loading factor
drives the evolution of metallicities, dust-to-gas ratios, and dust-to-metal ratios in galaxies.
Key words: ISM: abundances – galaxies: evolution – galaxies: ISM
1 INTRODUCTION
The abundance of dust in the interstellar medium (ISM) is regulated
by a complex network of dust formation and destruction channels
(e.g., Draine 2011; Inoue 2011). Even though many details of the
involved physical and chemical processes are far from fully under-
stood, the study of interstellar dust is crucial for a number of rea-
sons. Dust grains are a main component of the ISM (e.g., Draine
2003 and references therein) and affect star formation processes,
the chemistry of the ISM, and emission properties of galaxies. For
instance, dust grains are the primary catalysts that convert atomic
(HI) into molecular hydrogen (H2) and, hence, are largely responsi-
ble for the formation of molecular gas in galaxies (e.g., Hollenbach
& Salpeter 1971; Cazaux & Tielens 2004; Krumholz 2014). Dust
grains also act as a working surface for radiation pressure exerted
by ionizing and non-ionizing photons (e.g., Scoville 2003; Thomp-
son, Quataert & Murray 2005; Thompson et al. 2015). Furthermore,
dust is an important shielding agent, protecting the molecular ISM
? Hubble fellow
from photo-dissociating and photo-ionizing radiation produced by
nearby star clusters (e.g., Glover & Mac Low 2007; Krumholz, Mc-
Kee & Tumlinson 2008; Gnedin, Tassis & Kravtsov 2009).
Radiation absorbed by dust grains is eventually re-emitted
in mid- and far-infrared wavelengths enabling astronomers to in-
fer rates of (obscured) star formation in galaxies (e.g., Kennicutt
1998; Calzetti et al. 2010) and to estimate dust masses and tem-
peratures (e.g., Galliano et al. 2011; Gordon et al. 2014). The mass
of ISM can then be derived, provided the proper conversion factor
is known. This technique is becoming increasingly popular (e.g.,
Leroy et al. 2011; Magdis et al. 2011, 2012; Eales et al. 2012; Row-
lands et al. 2014; Santini et al. 2014; Groves et al. 2015) and may
offer the most efficient way to characterize the ISM of large sam-
ples of high redshift galaxies (Scoville et al. 2014). However, the
utility of this method stands and falls with the accuracy of the em-
ployed dust-to-gas conversion factor.
The measured dust-to-gas ratios of many nearby galaxies scale
proportionally with their ISM metallicities, at least down to Z ∼
1/5Z (Leroy et al. 2011). Hence, a common strategy is to adopt
a dust-to-gas ratio that is simply proportional to the observationally
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more easily accessible ISM metallicity. However, recent measure-
ments of the dust-to-gas ratio in nearby, metal-poor1, and low mass
galaxies indicate that such galaxies have much less dust than ex-
pected based on the linear metallicity scaling (e.g., Re´my-Ruyer
et al. 2014; Shi et al. 2014). Hence, the use of dust masses to in-
fer ISM masses in high redshift and/or metal-poor galaxies is po-
tentially questionable unless we understand in quantitative detail
which (and how) physical processes drive the dust-to-gas ratio of
galaxies in the first place.
Clearly, the evolution of the dust, metal, and gas masses in
galaxies is linked to a variety of physical processes, including dust
and metal enrichment, star formation, stellar feedback, gas inflows,
and feedback driven outflows. Hence, the Z – D relation encodes
not only invaluable information about dust formation and destruc-
tion in the ISM but, as we discuss in detail in this paper, it is also
intimately connected to the overall baryonic cycle of gas inflows,
outflows, and star formation that drives galaxy evolution.
Various aspects of the physics of interstellar dust grains have
been modeled over the last 30 yr. The modeled processes include
the condensation of dust grains in stellar outflows of asymptotic gi-
ant branch (AGB) stars (e.g., Winters et al. 1997; Gail & Sedlmayr
1999; Ferrarotti & Gail 2006; Zhukovska, Gail & Trieloff 2008;
Ho¨fner 2008; Nanni et al. 2013), the formation of dust grains in
type II supernovae (SNe II; e.g. Lattimer, Schramm & Grossman
1978; Kozasa, Hasegawa & Nomoto 1991; Nozawa et al. 2003,
2007), the destruction of dust in interstellar shocks (especially su-
pernova remnants; e.g., McKee et al. 1987; McKee 1989; Jones,
Tielens & Hollenbach 1996; Yamasawa et al. 2011), and the accre-
tion of metal atoms out of the ISM gas phase on to pre-existing dust
grains (e.g., Draine 1990; Dwek 1998; Hirashita 2000; Inoue 2003,
2011).
Chemical models combine dust formation and destruction
with other processes occurring in the ISM such as gas inflows,
metal enrichment, and star formation. A simple, and often used ap-
proach, is to follow the evolution of the integrated dust, metal, gas,
and stellar masses of a galaxy using a system of ordinary differ-
ential equations (see e.g., Dwek & Scalo 1980; Wang 1991; Dwek
1998; Hirashita & Ferrara 2002; Galliano, Dwek & Chanial 2008;
Inoue 2011; Gall, Andersen & Hjorth 2011; Asano et al. 2013;
Zhukovska 2014). The solution depends on the specified initial con-
ditions (e.g., the initial gas mass), on the choice of the boundary
conditions (e.g., the gas inflow rate), and on the adopted ISM pro-
cesses (e.g., whether dust formation via SNe is included). The func-
tional form of the D – Z relation can then be analyzed by varying
the adopted initial conditions, boundary conditions, and ISM pro-
cesses and by comparing the model predictions with observations.
An alternative numerical ansatz is to include dust chemistry
in galaxy-scale hydrodynamical simulations (Bekki 2013). This
approach has the benefit of resolving the spatial distribution of
dust, metal, and gas masses in galaxies although this comes at an
increased computational cost. In this work we focus on galaxy-
integrated quantities and a traditional one-zone approach is a suffi-
cient and efficient choice.
1 We consider an ISM with an oxygen abundance of 12+ log10(O/H) 6
8 as metal poor, i.e., a metallicity lower than ∼ 1/5 the metallicity of the
Sun. In the remainder of the paper we will refer to both oxygen abundances
and actual metal-to-gas ratios as “metallicities”. We adopt the conversion
Z = 0.014 ≡ 12 + log10(O/H) = 8.69 (Allende Prieto, Lambert &
Asplund 2001).
It has long been recognized that, at least in galaxies like the
Milky Way, dust destruction in the ISM proceeds at a much faster
pace than dust formation via stellar outflows (e.g., Barlow 1978;
Draine & Salpeter 1979; Dwek & Scalo 1980; McKee et al. 1987;
McKee 1989; Jones et al. 1994; Jones, Tielens & Hollenbach 1996).
The predicted low dust abundances stand in stark conflict, however,
with the observed high levels of metal depletion (e.g., Roche &
Aitken 1984; Savage & Sembach 1996; Jenkins 2004). A popular
solution to this puzzle is that in metal-rich galaxies dust formation
outpaces dust destruction and, hence, the majority of the gas-phase
metals deplete on to grains (e.g. Inoue 2011; Asano et al. 2013).
A prime candidate for fast dust formation is the accretion of metal
atoms on to dust grains in the cold ISM (e.g., McKee 1989). In con-
trast, Dwek (1998) argue that the linear scaling between D and Z
in a metal-rich ISM is a consequence of dust formation and destruc-
tion processes operating (coincidentally) on similar time scales as
star formation (and, hence, metal enrichment) in galaxies. Alter-
natively, a linear relation between the dust-to-gas ratio D and the
metallicity Z (the metal-to-gas ratio) of the ISM may point to a
common origin of dust formation and metal production, namely
via SNe II (e.g., Galliano, Dwek & Chanial 2008).
The predictions and interpretations also differ for galaxies
with a metal-poor ISM. Some models predict that an approxi-
mately linear Z – D relation holds down to very low metallicities
(e.g., Dwek 1998; Galliano, Dwek & Chanial 2008). Instead, other
models predict a substantial lower D/Z ratio in metal-poor than
in metal-rich galaxies (e.g., Hirashita & Kuo 2011; Asano et al.
2013; Kuo, Hirashita & Zafar 2013; Zhukovska 2014) in qualita-
tive agreement with recent observations (e.g., Re´my-Ruyer et al.
2014). The theoretical interpretation is that dust growth in the ISM
is ineffective at low ISM metallicities. Instead, the relatively slow
dust production in stellar outflows (∼ 1 − 2 Gyr; McKee 1989)
is the main dust formation channel. The short timescales for grain
destruction in the ISM (∼ 0.2 − 0.4 Gyr; Jones et al. 1994) then
imply very low dust abundances.
The sometimes conflicting theoretical interpretations of the Z
– D relation can be attributed to differences in the model assump-
tions. They thus highlight intrinsic degeneracies in the modeling.
In this paper, we mitigate the degeneracy problem by comparing
our model predictions against a large number of essential obser-
vational constraints not just the Z – D relation. These additional
tests include: (i) the stellar mass – metallicity relation, its evolu-
tion with redshift, and its dependency on star formation rate (SFR),
(ii) the stellar mass – halo mass relation as function of stellar mass
and redshift, and (iii) the gas mass – stellar mass relation of nearby
galaxies.
Models that adopt a quasi-steady state, or “equilibrium”,
ansatz are frequently used to explore various aspects of galaxy evo-
lution, e.g., the evolution of SFRs (e.g., Bouche´ et al. 2010; Feld-
mann 2013; Dekel & Mandelker 2014), ISM metallicities (e.g., Lar-
son 1972), or the stellar mass – metallicity relation (e.g., Dave´, Fin-
lator & Oppenheimer 2012; Lilly et al. 2013). In contrast to dynam-
ical models, the predictions of equilibrium models are insensitive
to the chosen initial conditions. Furthermore, correlations between
model variables, e.g., between stellar mass and gas phase metal-
licity or between D and Z, directly highlight the regulatory and
competing aspects of the underlying physical processes. As we will
demonstrate in this paper the functional form of the Z – D relation
can be accurately understood within the context of an equilibrium
model.
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The outline of this paper is as follows. We introduce the basic
analytical framework and the equilibrium predictions for the Z –D
relation in section 2. We subsequently present a simple dynamical
model that integrates the evolution of dust, metals, gas, and stars
in galaxies (section 3). This model reproduces a variety of obser-
vations and, furthermore, matches the Z – D relation as predicted
by the equilibrium approach. We highlight the connection between
the Z – D relation and galactic outflows in section 4.1 and dis-
cuss potential caveats in section 4.2. We summarize our results and
conclude in section 5.
2 THE BASIC EQUILIBRIUM PICTURE OF DUST AND
METAL ABUNDANCES IN GALAXIES
We follow the integrated gaseous, stellar, metal, and dust compo-
nents of a galaxy via a set of continuity equations with specified
sources and sinks. The full (time-dependent) solution of this prob-
lem can be complex and we defer its discussion to section 3. How-
ever, as we show in this section, the general problem has simple
and sufficiently accurate (quasi-)equilibrium solutions that allow
us to understand quantitatively the functional form of the Z – D
relation. In the following subsections we introduce the general an-
alytical framework of the equilibrium approach, briefly remind the
reader of the concept of an equilibrium metallicity, and then derive
an analogous (although somewhat more complicated) expression
for the equilibrium dust-to-gas ratio.
2.1 Equilibrium metallicity
The gas mass Mg of a galaxy changes as a result of gas inflows,
outflows, star formation, and stellar mass loss (e.g. Bouche´ et al.
2010; Dave´, Finlator & Oppenheimer 2012; Krumholz & Dekel
2012; Feldmann 2013; Lilly et al. 2013):
M˙g = M˙g,in − (1−R+ out) SFR. (1)
Here, M˙g,in is the instantaneous gas inflow rate, SFR is the in-
stantaneous SFR, and R is the return fraction of gaseous material
from the formed stars in the instantaneous recycling approximation
(IRA). The dimensionless quantity out is the mass loading factor
of gas outflows. Star formation results in the growth of the stellar
mass M∗
M˙∗ = (1−R) SFR. (2)
The SFR can re-written, without loss of generality, as a function
of the gas mass and gas depletion time tdep ≡ SFR/Mg or as a
function of molecular gas fraction fH2 = MH2/Mg, gas mass, and
molecular gas depletion time tdep,H2 . The latter form is particu-
larly useful because observations indicate an approximately con-
stant depletion time tdep,H2 ∼ 1−2 Gyr of the molecular (H2) gas
component (e.g., Bigiel et al. 2008; Genzel et al. 2015).
SFR =
Mg
tdep
= fH2
Mg
tdep,H2
. (3)
The metal mass of the ISM changes because of metal injection from
supernovae with yield2 y, astration (a metal mass per unit time
2 We follow Krumholz & Dekel (2012) and define the yield as the amount
of metals per units stellar mass of a single stellar population relative to
1−R, see their equation (A2).
of Z(1 − R) SFR is permanently locked up in stellar remnants),
inflows with a metallicity Zin = rZZ, and outflows (we discuss
metal-loading in section 4.2; here we assume the outflow metallic-
ity to equal the metallicity Z of the ISM). Hence,
M˙Z = [(y − Z)(1−R)− Zout] SFR + rZZM˙g,in (4)
Dynamical models integrate this set of equations based on a speci-
fied initial state and a chosen gas infall rate as function of time. The
solution Mg(t), M∗(t), MZ(t) represents the evolution of these
galaxy components between the initial state and some final time.
Equilibrium models instead search for quantities that approach an
equilibrium value, i.e., are time-independent after some transitory
period3.
When we plug (1, 3, 4) intoMgZ˙ = M˙Z−ZM˙g, we obtain a
general solution for Z in terms of Z˙, r and the model parameters:
Z =
y(1−R)− tdepZ˙
1− rZ r, with r =
SFR
M˙g,in
. (5)
In a steady state (Z˙ ≡ 0) the ISM metallicity equals the equi-
librium metallicity
〈Z〉 = y(1−R)
1− rZ r, (6)
see also Dave´, Finlator & Oppenheimer (2012), Feldmann (2013),
and Lilly et al. (2013).
The equilibrium metallicity is proportional to the stellar metal
yield y and to the ratio between the SFR and the effective inflow
rate of pristine gas (1− rZ)M˙g,in. The effective inflow rate is zero
if Zin = Z or if M˙g,in = 0.
If the ISM mass of the galaxy is unchanging (M˙g = 0), r
is simply 1/(1 − R + out), see equation (1). Hence, in this case
the equilibrium metallicity of the ISM is set by the mass loading
factor out of stellar outflows and by rZ. If there are no outflows
(out = 0) and rZ  1, then 〈Z〉 ∼ y (Larson 1972; Dave´, Finlator
& Oppenheimer 2012).
However, the assumption of a constant ISM mass is neither
necessary, nor actually correct (Feldmann 2013; Lilly et al. 2013).
Instead, using equations (1-3) we can rewrite r as (Lilly et al.
2013):
r =
1
1−R+ out + M˙g/SFR
=
1
1−R+ out + tdep d ln SFRdt +
dtdep
dt
,
=
1
1−R+ out + tdep
[
(1−R)sSFR + d ln sSFR
dt
+
d ln tdep
dt
] .
(7)
Provided it is known how the various quantities in equation (7)
scale with stellar mass, equations (6, 7) lead to a prediction for
the stellar mass – metallicity relation (e.g., Lequeux et al. 1979;
Tremonti et al. 2004; Maier et al. 2005; Erb et al. 2006; Maiolino
et al. 2008). For instance, the term in brackets vanishes for a galaxy
with a constant ISM mass. In this case, the stellar mass – metal-
licity relation is driven solely by the functional form of the mass
loading factor out on, e.g., the stellar mass of galaxies.
3 The (quasi-)equilibrium may be reached after some finite time, i.e., we
do not restrict our analysis to the asymptotic state at time t→∞.
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In general, however, the term in brackets is non-negligible and
introduces an additional dependence of the equilibrium metallicity
of a galaxy on its specific SFR (sSFR), i.e., the SFR per unit stellar
mass of a galaxy (Lilly et al. 2013). In fact, everything else being
equal, equation (7) predicts an anti-correlation between SFRs and
metallicities of galaxies with the same stellar mass, or more gen-
erally, a relation between stellar mass, metallicity and SFR (Man-
nucci et al. 2010; Andrews & Martini 2013; Lara-Lo´pez et al. 2013;
Sanders et al. 2015). The second and third terms in the brackets are
typically much smaller than the sSFR and, hence, an approximate
equation for r is 1/((1−R)(1+µ)+out), where µ = Mg/M∗. In
this form, equation (6) represents a relation between stellar mass,
metallicity, and gas fraction of galaxies, in qualitative agreement
with observations (Bothwell et al. 2013).
In the remainder of this paper we will assume that the actual,
instantaneous metallicity of a given galaxy can be approximated
with the equilibrium metallicity (6). A linear stability analysis
shows that Z → 〈Z〉 over the timescale of a few ∼ Mg/M˙g,in =
r tdep if r does not change strongly with time (Feldmann 2013;
Lilly et al. 2013). The gas depletion time is short compared with the
age of the Universe at low z (e.g., Genzel et al. 2015), while r  1
at high z (Feldmann 2013). We thus expect r tdep to be shorter than
the age of the Universe at any given redshift and, hence, Z ≈ 〈Z〉
to be a reasonably good approximation.
A different way to arrive at the same conclusion is to compare
the two terms y(1−R) and tdepZ˙ in equation (5). We can estimate
Z˙ from the time derivative of equation (5). For illustrative purposes
we assume that all model parameters are time independent. If we
then drop terms proportional to Z¨ we obtain
Z˙ =
y(1−R)
1− rZ + tdepr˙ r˙.
Hence, tdepZ˙/(y(1−R)) 1 if r˙ tdep ∼ tdepr/tH  1.
We can derive a first order correction to equation (6) by insert-
ing the above approximation for Z˙ into equation (5):
〈Z〉(1) = 〈Z〉 1− rZ
1− rZ + tdepr˙ . (8)
This equation is somewhat more accurate than equation (6) in pre-
dicting the actual ISM metallicity of a galaxy. However, computing
〈Z〉(1) requires the knowledge of both r and its time derivative.
2.2 Equilibrium dust-to-gas ratio
We can extend the idea of an equilibrium metallicity to that of an
equilibrium dust-to-gas ratio 〈D〉. First, however, we need to spec-
ify the continuity equation for the dust mass. Our simple, one-zone
model includes the following dust-related processes:
• Dust is produced in the late stages of intermediate-mass and
massive stars. We assume that the produced dust mass per unit time
is proportional to yD SFR(1−R). The dust yield yD quantifies the
combined dust injection via AGB stars and type II SN of a stellar
population. It is defined analogously to the metal yield y, see sec-
tion 2.1. Given the large uncertainties of the actual dust production
efficiencies of AGN stars and SN, we explore a range of dust yields
in the later sections of this paper. Note that yD cannot exceed y.
• Dust in the ISM is consumed by star formation. This astration
process amounts to a net removal ∝ D SFR.
• Dust is further destroyed by SN shockwaves in the ISM. We
can write the dust destruction rate as DSN SFR with the di-
mensionless parameter SN. Following McKee (1989), we assume
SN ∼ 1000ME51SNR/SFR, where E51 is the initial kinetic
energy of a typical supernova in units of 1051 erg and SNR is the
supernova rate. By choosing canonical values of E51 ∼ 1 and
SNR/SFR ∼ 0.01M−1 we obtain the result SN ∼ 10.
• Galactic outflows expel gas and dust from the ISM. We as-
sume that the dust-to-gas ratio of outflows equals that of the ISM
(but see section 4.2).
• Dusty galactic inflows increase the dust and gas mass of the
ISM. We parametrize the dust-to-gas ratio of the inflows as Din =
rD D.
• Dust grains in the ISM can grow by accreting metal atoms out
of the gas phase. Our modeling of this process mimics earlier work
where M˙D ∝ D(Z−D)Mcold (e.g., Hirashita 2000), but differs in
two important aspects. First, we identify the cold gas mass with the
molecular mass of the ISM and, using equation (3), link the dust
growth directly to the SFR. Secondly, we limit the maximum de-
pletion fraction of gas phase metals to fdep = 70% to account for
the incomplete depletion of some metal species (e.g., oxygen, ni-
trogen, and neon) even in the dense ISM (Draine 2011). The growth
rate of the dust mass is thus
M˙D
∣∣∣
acc
=
tdep,H2
tISM
D(fdepZ −D)SFR.
The growth time scale tISM can be computed from basic collision
theory (Weingartner & Draine 1999) and equals Z tgrow(Z),
where tgrow(Z) ∼ 107 yr is the exponential growth time of dust
in solar metallicity, cold clouds (e.g., Hirashita 2000). In this paper
we treat the ratio tdep,H2/tISM as a free parameter, however.
By combining the various dust formation and destruction processes
we arrive at the continuity equation for the dust mass
M˙D = [yD(1−R)−D(1 + SN + out)] SFR
+ rDDM˙g,in +
tdep,H2
tISM
D(fdepZ −D)SFR. (9)
We can now make the equilibrium ansatz D˙ ≡ 0 & Z˙ ≡ 0 to solve
for the equilibrium dust-to-gas ratio 〈D〉. This approach results in
the following quadratic equation
α+ β〈D〉 − γ〈D〉2 = 0. (10)
The coefficients are
α = yD(1−R), (11)
β = γfdep〈Z〉 −
[
SN +R+
1− rD
r
]
, (12)
γ =
tdep,H2
tISM
. (13)
Here r = SFR
M˙g,in
, as before. Note that α and γ are positive, while β
can be positive, negative, or zero. The quadratic equation is there-
fore guaranteed to have a unique non-negative solution:
〈D〉 = β
2γ
+
[(
β
2γ
)2
+
α
γ
]1/2
. (14)
It is instructive to analyze solution (14) in the three regimes:
(A) β < −2 (αγ)1/2 (B) β > 2 (αγ)1/2, and (C) β2 < 4αγ.
• In the first regime
〈D〉 ≈ − α/β. (15)
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Here, the dust-to-gas ratio is determined by the competition be-
tween stellar dust production, dust destruction in shockwaves, and
dilution of dust via dust-poor inflows. The latter process is reg-
ulated by the (1 − rD)/r term and dominates over the destruc-
tive effect of SN shockwaves at sufficiently low r. Typically,
α  |β| and, hence, the dust-to-gas ratio in this regime is quite
small. Specifically, the dust-to-gas ratio approaches yD
y
1−rZ
1−rD 〈Z〉
as r/(1− rD)→ 0.
• In the second regime,
〈D〉 ≈ β/γ = fdep〈Z〉 − SN +R
γ
− 1− rD
rγ
. (16)
The condition β > 0 implies that r cannot be very small. Hence,
the dust-to-gas ratio in this regime is close to the depletion limit,
i.e, ≈ fdep〈Z〉, because γ  1 under typical ISM conditions.
• The third regime corresponds to β ∼ 0, i.e., when the dust
growth in the cold ISM is balanced by dust destruction via SN
shocks and the dilution of dust via dust-poor inflows. Here,
〈D〉 ≈ (α/γ)1/2. (17)
Given that tISM scales inversely proportional to the ISM density,
such a balance likely only occurs over a very narrow range of ISM
properties. However, this regimes becomes more important with
increasing α, i.e. for higher dust yields, and with increasing γ, i.e.,
for shorter tISM or longer tdep,H2 .
Fig. 1 compares the predictions of the equilibrium model,
equations (6, 14), with those of a one-zone dynamical model with a
specified gas inflow rates. Specifically, we compare the dust-to-gas
ratio D, the ISM metallicity Z, and the ratio of the two, the dust-
to-metal ratio D/Z. The dynamical model is adequate to test the
equilibrium ansatz for a range of inflow rates (constant, exponen-
tially increasing, exponentially declining) and mass loading factors
(0 − 30). We will introduce a more advanced dynamical model in
section 3.1 in order to cross-check the equilibrium predictions un-
der more realistic circumstances and to provide a connection with
observations.
The dynamical model starts from negligible initial gas mass,
metallicity, and dust-to-gas ratio. Stars are formed from the gas
based on equation (3) and a depletion time tdep = 1.5 Gyr (Bigiel
et al. 2008). The return fraction is R = 0.46 (Krumholz & Dekel
2012). Metal and dust yields are y = 6.9 × 10−2 (Krumholz &
Dekel 2012), yD = 6.9× 10−4 (a free parameter). Inflows are as-
sumed to have a relative metal and dust enrichment of rZ = 0.25,
and rD = 0. The maximal dust depletion is fdep = 0.7 and the ra-
tio γ between gas depletion and dust accumulation time in the ISM
is 3× 104. The dust destruction efficiency of SNe is SN = 10.
We find that the system approaches quickly (within . 1 −
2 tdep) the equilibrium solutions (6, 14) forD,Z, andD/Z. Galax-
ies with a declining gas infall rate have a somewhat longer equili-
bration time than galaxies with constant or increasing gas inflow
rates. However, the equilibration time is significantly shorter than
tdep if galaxies experience strong outflows. We verified that this
statement holds even for galaxies with slowly declining gas accre-
tion rates. Hence, unless galaxies have both quickly declining gas
inflow rates (on time scales . tdep) and weak/no outflows, the ac-
tualZ,D, andD/Z of their ISM should be close to the equilibrium
predictions.
Fig. 1 also shows that D, Z, and D/Z are lower in galax-
ies that have stronger outflows (top right panel) or that have more
quickly growing gas accretion rates (bottom right panel). This re-
sult is a consequence of r decreasing with both increasing out and
increasing M˙g/SFR, see equation (7).
It is sometimes possible to obtain reasonably accurate equilib-
rium solutions by replacing r from equation (7) with the approxi-
mation r = 1/(1−R+ out). The accuracy of this approximation
depends on the ratio between out and M˙g/SFR. The approxima-
tion is exact if the galaxy has a constant ISM mass (i.e., M˙g = 0).
If the ISM mass is increasing (decreasing), the approximation over-
estimates (underestimates) Z, D, D/Z, see Fig. 1.
As we will argue later in this paper (section 4.1) out &
M˙g/SFR for galaxies near the main sequence of star formation.
Hence, the stellar mass dependence of outflows is (at least quali-
tatively) the primary driver that determines the ratio r between the
SFR and gas inflow rate into a galaxy.
2.3 Critical metallicity and critical ratio between SFR and
gas inflow rate
The transition between the regimes of low and high dust-to-gas ra-
tios takes place when β = 0, i.e., for
Zcrit(r) =
1
γ
[
SN +R+
1− rD
r
]
1
fdep
. (18)
In other words, the equilibrium model predicts that galaxies
with Z . Zcrit(r) have very small dust-to-gas ratios, 〈D〉 ≈
yD/(SN + (1 − rD)/r), while galaxies with Z & Zcrit(r) have
a dust-to-gas ratio close to the depletion limit fdep〈Z〉. Galaxies
with Z ∼ Zcrit(r) have D ∼ Dcrit = yD(1− R)/γ. The smaller
the product αγ the sharper is the transition.
Small values of r result in low equilibrium metallicities 〈Z〉,
see equation (6), but large critical metallicities Zcrit(r). The op-
posite happens for large values of r. We can remove the explicit
dependence of Zcrit(r) on r by using equation (6), i.e., by replac-
ing r with the value corresponding to 〈Z〉 = Zcrit(r). This results
in
Zcrit =
p
2
+
[(p
2
)2
+ q
]1/2
, with (19)
p =
SN +R
γfdep
q =
1− rD
1− rZ
y(1−R)
γfdep
.
Inserting typical values for the parameters (see previous section),
we find that q  (p/2)2 for γ & 104 and thus Zcrit ≈ q1/2. The
product y(1− R) is theoretically/observationally well constrained
and (1− rD)/(1− rZ) as well as fdep have values close to unity.
Hence, it may be possible to extract the (uncertain) value of γ from
a measurement ofZcrit. The dust yield yD can then be derived from
the corresponding measurement of
Dcrit = yD(1−R)/γ. (20)
Critical metallicities have also been introduced by Inoue
(2011) and by Asano et al. (2013). These previous works agree with
this paper in that the dust-to-gas ratio increases substantially above
a metallicity threshold. They differ, however, in methodology and
in their findings.
First, our approach is based on a steady-state picture in which
inflows, outflows, and star formation balance each other. In con-
trast, Inoue (2011) use a dynamical model with a slowly declining
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Figure 1. ISM metallicity, dust-to-gas ratio, and dust-to-metal ratio as predicted by a simple dynamical model (see the text for details) and by the equilibrium
ansatz. ISM metallicities, dust-to-gas ratios, and dust-to-metal ratios are shown in blue, green, and red, respectively. (Top left) for a constant gas accretion rate
of 1 M yr−1 and a moderate mass loading factor out = 2. (Top right) same as top left but for a larger mass loading factor out = 25. (Bottom left) Same
as top left but for an exponentially declining gas infall rate M˙g,in = exp(−t/3×109yr)M yr−1. (Bottom right) Same as top right but for an exponentially
increasing gas infall rate M˙g,in = exp(t/109yr)M yr−1. In each of the panels we plot the results of the explicit integration of equations (1–4, 9) using
solid lines. Dashed lines show the corresponding predictions of the equilibrium model, equations (6, 14). The (time-dependent) ratio r between SFR and gas
inflow rate is known from the explicit integration. Dotted lines show to the equilibrium predictions under the assumption that the ISM mass is constant, i.e.,
for the special case r = 1/(1− R + out) = const. The systems evolves quickly (within . 1− 2 tdep) to the equilibrium solution given by equations (6)
and (14).
gas inflow rate, but no outflows, while Asano et al. (2013) adopt a
dynamical, closed-box model. The metallicity in the latter model
increases without bounds with time and, hence, does not allow for
an equilibrium metallicity or dust-to-gas ratio.
Secondly, we define the critical metallicity based on the transi-
tion point (β = 0) between low (for β  0) and high (for β  0)
dust-to-gas ratios. In physical terms, the regime β ∼ 0 corresponds
to the balance between dust growth in the ISM, dust destruction by
SNe, and dust dilution, as we showed in section 2.2. The definition
of Inoue (2011) is similar to ours (β ≡ 0) but neglects the dilution
effect produced by dust-poor inflows. Hence, their critical density
does not depend on the ratio r between SFR and gas inflow rate
and corresponds to equation (18) with (1 − rD)/r < SN +R,
i.e., Zcrit ≈ p. If this were true, the critical metallicity would be
set by the competition between dust growth in the ISM and dust
destruction via SN shockwaves.
In contrast, we argued above that Zcrit ≈ q1/2 is a better
approximation of our general solution (19). This approximation
corresponds to (18) with SN + R < 1−rDr . For instance, for
Zcrit = 0.1Zsun, 1/r ∼ 35 according to (6), i.e., r(Zcrit) is much
larger than SN +R. Hence, the critical metallicity of the ISM is set
by the competition between dust growth in ISM and the dilution of
dust via dust-poor gas inflows. The destruction of dust in supernova
shock-waves plays a sub-dominant role unless γ  104.
Asano et al. (2013) adopt as critical metallicity the metallic-
ity at which stellar dust production and dust accretion in the ISM
proceed at the same pace. Their definition thus refers to the relative
strength of the two dust production channels and not to a balance
between dust growth and dust dilution/destruction.
Our definition of a critical metallicity is designed to accurately
pin-point the metallicity at which the ISM of a galaxy switches
from low to high dust-to-gas ratios. The critical metallicity of In-
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Equilibrium dust-to-gas and dust-to-metal ratios as function of the ratio between SFR and gas inflow rate (horizontal axis) and the ratio between gas
depletion time and dust growth time in the ISM (vertical axis). (Left-hand panel) equilibrium dust-to-gas ratio, equation (14), in units of Z. The x-axis is
labelled with the ratio between SFR and gas inflow rate (bottom) and the corresponding equilibrium metallicity (top), respectively, see (6). (Right-hand panel)
dust-to-metal ratio as predicted by the equilibrium model, i.e., equation (14) divided by equation (6). The x-axis is labelled with the ratio between SFR and
gas inflow rate (bottom) and the corresponding mass loading factor of outflows (top), respectively, see equation (7). The solid line in both panels shows β = 0.
This line separates a parameter region of low D and low D/Z (to the left of the line) from a region of high D and high D/Z (to the right of the line). Dashed
lines show where β = ±2√αγ and indicate the width of the transition region. The dust-to-gas and dust-to-metal ratios increase with increasing gas-phase
metallicity, with decreasing mass loading factor, and with a decreasing dust formation time in the ISM.
oue (2011) typically underestimates the metallicity at which the
transition from low to high dust-to-gas ratios occurs. Their result,
Zcrit ≈ p, neglects the contribution given by q, which dominates
for typical values of γ. The definition adopted by Asano et al.
(2013) also underestimates the transition metallicity by some factor
(see their fig. 3).
According to equation (6) the equilibrium metallicity depends
primarily on the ratio
r˜ ≡ r
1− rZ . (21)
The criticality condition β = 0 is satisfied for r˜crit = Zcrit/[y(1−
R)], i.e., we can replace the concept of a critical metallicity with
that of a critical ratio between the SFR and the (effectively pris-
tine) gas inflow rate. Similar to Zcrit, r˜crit separates the regimes
of low (for r˜  r˜crit) and high (for r˜  r˜crit) dust-to-gas ratios.
The transition regime holds for |β| < 2√αγ, see section 2.2. The
corresponding values of r˜ can be obtained from equation (19) but
with SN replaced by SN ± 2√αγ.
We see from equations (7, 21) that galactic outflows, increas-
ing ISM masses, and metal-poor inflows affect r˜. These physical
processes are thus the prime candidates for ultimately driving the
metallicity, the dust-to-gas ratio, and the dust-to-metal ratios of
galaxies. We will continue this discussion in section 4.
2.4 The Z – D relation in the equilibrium picture
Both the equilibrium metallicity and the equilibrium dust-to-gas ra-
tio of a given galaxy depend4 on a dimensionless parameter: r, the
4 In this subsection we adopt the view that other important model parame-
ters, e.g., the metal yield, the dust yield, or the inflow enrichment factors rZ
ratio between SFR and gas inflow rate. The dust-to-gas and dust-to-
metal ratios further depend on the ratio γ between the gas depletion
time and the dust growth time in the ISM, see equation (13).
We visualize the equilibrium predictions for D and D/Z in
Fig. 2. For a given value of γ, galaxies with small enough r (or
small enough Z) have low dust-to-gas and dust-to-metal ratios. In
contrast, galaxies with a large enough r (or large enough Z) have
much larger dust-to-gas and dust-to-metal ratios. The transition is
sharp, especially so for the dust-to-metal ratio.
In Fig. 3, we show the predictions of our equilibrium model
for the parameters specified in section 2.2. We obtain a Z – D rela-
tion by varying r and keeping all other model parameters (including
γ) fixed. Hence, theZ –D relation emerges as a consequence of the
dependence of Z andD on r (at fixed γ). Galaxies with sufficiently
large r have dust-to-gas ratios close to the depletion limit, i.e., here
D ≈ D+ ≡ fdepZ. Galaxies with sufficiently small r (and thus
low Z) have low dust-to-gas ratios D ≈ D− ≡ yDy 1−rZ1−rDZ. The
transition between low and high dust-to-gas ratios takes place at
Z ∼ Zcrit, or equivalently, for r˜ ∼ r˜crit. Zcrit and r˜crit both in-
crease with decreasing γ.
Variations of γ lead to scatter in the Z – D relation. For in-
stance, at a fixed metallicity, galaxies with longer H2 depletion
times or with shorter dust growth times in the ISM will have a
larger dust-to-gas ratio. It remains to be seen whether this mech-
anism causes most of the scatter in the observed Z – D relation.
Short term fluctuations in the gas accretion or outflow rates are
plausible alternatives (e.g., Zhukovska 2014).
In Fig. 3, we also compare the predictions of the equilibrium
model with the observational study by Re´my-Ruyer et al. (2014).
The authors fit a broken-power law to the Z – D relation based
and rD are either constant or only evolve on sufficiently long ( r tdep)
timescales.
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Figure 3. Relation between metallicity (normalized to Z = 0.014) and
dust-to-gas ratio (normalized to DMW = 0.0064; Zubko, Dwek & Arendt
2004) as predicted by the equilibrium model, equations (6,14). Diamond
symbols show the position of (Zcrit, Dcrit). The dust-to-gas ratio is small
(≈ D− ≡ yDy
1−rZ
1−rDZ; dotted line) at Z  Zcrit, and close to the deple-
tion limit (≈ D+ ≡ fdepZ; dot-dashed line) atZ  Zcrit. The transition
shifts to higher metallicities, i.e., Zcrit increases, with decreasing γ (see
legend). Dashed lines (almost on top of the solid lines) are the approxima-
tions (equations 15, 16) for regimes A and B, see section 2.2. The shaded
area is a double-power law fit to the dust-to-gas ratio of nearby galaxies
by Re´my-Ruyer et al. (2014). The vertical width of the shaded region indi-
cates the dispersion around the mean of 0.37 dex (Re´my-Ruyer et al. 2014).
The predicted and observed Z – D relations are in good agreement for
γ ∼ 3× 104.
on an observational sample of 126 nearby galaxies (their table 1,
right-hand column). With the choice γ ∼ 3× 104, the equilibrium
model reproduces quite well the observed drop of the average dust-
to-gas ratio for galaxies with Z . 1/5Z. This value corresponds
to tgrow = tdep,H2/tISM/Z ∼ 4 × 106 yr, which is consistent
with previous estimates (∼ 107 yr) for the time scale of accretion-
based dust growth in the ISM (e.g., Hirashita 2000).
Strong outflows as well as a highly inefficient conversion of
inflowing gas into stars result in small values of r and, hence, in
low equilibrium metallicities, low dust-to-gas ratios, and low dust-
to-metal ratios. The equilibrium model by itself does not tell us
which of these processes is/are actually responsible for keeping r
small. However, we can gain additional insights by combining the
equilibrium model with empirical constraints, as we show in the
next section.
3 TESTING THE EQUILIBRIUM PREDICTIONS
The dynamical model of the previous section, equations (1 - 4, 9),
can be integrated easily for a given gas inflow rate. So far, we con-
sidered various simple choices, ranging from constant rates to those
that exponentially increase or decrease with time. In each case we
found the equilibrium metallicity, equation (6), to be an accurate
predictor of the actual, time-dependent ISM metallicity.
In this section we want to go one step further, by construct-
ing a dynamical model that uses a more realistic, time-dependent
accretion rate constrained by observations. In addition, we will al-
low model parameters, such as the molecular gas depletion time
and the mass loading factor, to change over the evolution of a par-
ticular galaxy. We will show that such a dynamical model matches
various observational constraints and, furthermore, that the equi-
librium model predicts metallicities and dust-to-gas ratios in good
agreement with those obtained by a direct integration of the dynam-
ical model.
3.1 An empirical dynamical model
Starting with a galaxy of a given stellar mass M∗ at z = 0 we
reconstruct the evolution of its stellar mass, SFR, Z, and D as fol-
lows:
• We assume that the SFR of the galaxy is proportional to the
SFR of the main sequence of star formation. By integrating the ob-
served evolution of the main sequence backward in time, we obtain
the stellar mass and the SFR of this galaxy as function of redshift.
A similar procedure has been used by Leitner & Kravtsov (2011)
and Leitner (2012) to constrain the star formation history of galax-
ies and to estimate the importance of stellar mass loss for galactic
SFRs.
• We convert the SFR history into an ISM mass history based
on observations of the (redshift and SFR dependent) gas depletion
time.
• We adopt a theoretically motivated functional form of the
(stellar-mass dependent) mass loading factor.
• By inserting the SFR, the mass loading factor, and the change
of the ISM mass into equation (1) we derive the gas inflow rate as
function of redshift.
• Finally, we integrate equations (1 – 4, 9) forward in time to
obtain time-dependent ISM metallicities and dust-to-gas ratios.
To implement our model, we need to specify functional forms
for (i) the evolution of the main sequence of star formation, (ii) the
gas depletion time, (iii) the H2 fraction of galaxies, and (iv) the
mass loading factor.
We adopt the parametrization of the main sequence of star for-
mation by Lilly et al. (2013):
SFRMS(M∗, z) =M∗ Gyr
−1
1−R
(
M∗
1010.5 M
)−0.1
×
{
0.07(1 + z)3 if z 6 2,
0.303(1 + z)5/3 if z > 2.
(22)
We also tested the parametrization by Whitaker et al. (2012) and
found some quantitative, but no qualitative, differences.
Galaxies that lie on the main sequence of star formation (e.g.,
Noeske+2007) have a molecular gas depletion time of tdep,H2 ∼
1 − 2 Gyr (e.g., Bigiel et al. 2008; Genzel et al. 2010, 2015). The
large scatter of tdep,H2 at fixed stellar mass arises to a large de-
gree from the anti-correlation between depletion time and the offset
from the main sequence of star formation (Saintonge et al. 2011b,
2012). We model tdep,H2 following Genzel et al. (2015)
tdep,H2 = 10
9.08 yr (1 + z)−0.31Q−0.5MS . (23)
The term
QMS = SFR
SFRMS(M∗, z)
c© 0000 RAS, MNRAS 000, 000–000
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in the above equation denotes the (multiplicative) offset of a given
galaxy from the main sequence. We will assume that QMS of a
given galaxy does not change with time.
The molecular gas depletion time enables us to convert SFRs
into molecular ISM masses. Conversion to Mg, however, requires
knowledge of the H2 fraction in the part of the ISM that is involved
in both creation/destruction of dust and in the mixing of both dust
and metals. For z = 0 we adopt the stellar mass dependent scaling
fH2 = Rmol/(1+Rmol) with Rmol = ξ(z) 0.41
(
M∗
1010.7M
)0.425
(24)
by Saintonge et al. (2011a), based on observations of nearby galax-
ies over a broad range of stellar masses M∗ ∼ 1010 − 1011.5 M.
We added a fudge factor ξ(z) to take into account that (i) the H2
fraction is higher in the centers of galaxies and smaller at larger
radii (e.g. Leroy et al. 2008) and (ii) higher redshift galaxies are
expected to have higher H2 fractions at a fixed stellar mass given
their larger gas surface densities (Fu et al. 2012; Saintonge et al.
2013). We fit the prediction by Fu et al. (2012) (their “Krumholz-
H2 prescription 1”) as function of stellar mass and redshift
ξ(z) = 1.2× [1 + z]1.6. (25)
The shape of the Z – D relation at z = 0 is insensitive to the
adopted scaling of ξ(z) with redshift as long as ξ(0) remains fixed.
This result is a consequence of dust-to-gas ratios and metallici-
ties of galaxies generally being close to the equilibrium prediction
(equations 6, 14), see section 3.3. In the equilibrium limit, Z and
D depend only on the current and not on the past values of galaxy
properties.
The ratio between molecular gas mass and stellar mass of a
galaxy, MH2/M∗ = tdep,H2 sSFR, is determined by equations
(22) and (23):
MH2/M∗ =
(
M∗
1010 M
)−0.1
Q0.5MS
×
{
0.175(1 + z)2.69 if z 6 2,
0.757(1 + z)1.357 if z > 2.
(26)
The ISM mass to stellar mass ratio µ = Mg/M∗ of a galaxy is
obtained by dividing MH2/M∗ by the H2 fraction, equation (24).
The so-computed µ compares well with the H2 +HI mass to stellar
mass ratio measured by Saintonge et al. (2011a) for a sample of
galaxies in the local Universe, see Fig. 4.
The mass loading factor of galactic outflows has to increase
with decreasing stellar mass of a galaxy in order to reproduce
the empirically determined stellar mass – halo mass relation (e.g.
Oppenheimer & Dave´ 2006; Dutton & van den Bosch 2009; Op-
penheimer et al. 2010), and the mass – metallicity relation (e.g.,
Peeples & Shankar 2011; Dave´, Finlator & Oppenheimer 2012).
Furthermore, a dependence of the mass loading factor on the depth
of the potential well of a galaxy (which is correlated with stel-
lar mass) is expected on theoretical grounds resulting in specific
power-law scaling for momentum or energy driven outflows, e.g.,
Murray, Quataert & Thompson (2005). Here we adopt a scaling of
the mass loading factor that is in agreement with predictions based
on self-consistent hydrodynamical simulations of galactic winds
(Hopkins, Quataert & Murray 2012):
out = 2 fcomb
(
1,
[
M∗
1010M
]−0.59)
. (27)
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Figure 4. ISM mass to stellar mass ratio µ as function of stellar mass at
z = 0. We combine measurements of SFRs (equation 22), molecular gas
depletion times (equation 23), and H2 fractions (equation 24) of galaxies to
compute µ as function of stellar mass (solid lines), see text. Lines are col-
ored according to the adopted offset from the main sequence of star forma-
tion (from top to bottom:QMS = 3, 1, 1/3). Black circles show H2 +HI
mass to stellar mass ratios based on CO and HI detections from the GASS
(Catinella et al. 2010) and COLD GASS surveys (Saintonge et al. 2011a).
Arrows indicate upper limits on the H2 +HI mass to stellar mass ratios for
galaxies without CO or HI detections.
fcomb(x, y) = x+ y − (x−1 + y−1)−1 provides a smooth transi-
tion between high mass loading factors for lowM∗ and our adopted
lower limit out = 2 for large M∗. A significant fraction of the ex-
pelled material is expected to return, especially for more massive
galaxies. We discuss some aspects of this “wind recycling” in sec-
tion 3.2.
The relative metal enrichment rZ of the inflowing gas is likely
smaller at higher redshift when material that had been expelled in
galactic fountains has not yet fallen back. We thus adopt a linear
scaling with redshift similar to the one proposed by Dave´, Finlator
& Oppenheimer (2012) based on hydrodynamical simulations (but
without an explicit stellar mass dependence):
rZ = max (0, 0.25− 0.05 z) . (28)
While our choice is to some extent ad hoc, the precise value of rZ
plays little role as long as rZ  1, see equation (6).
In order to numerically integrate equations (1 - 4, 9) we need
to specify some additional model parameters. We mostly stick to
our choices from section 2.4: R = 0.46, y = 6.9 × 10−2,
yD = 6.9 × 10−4, fdep = 0.7, rD = 0, and SN = 10. To con-
vert between redshift and time we adopt a Wilkinson Microwave
Anisotropy Probe-9 cosmology (Hinshaw et al. 2013) with the fol-
lowing parameters: Ωm = 0.2821, Ωb = 0.0461, ΩΛ = 1 − Ωm,
σ8 = 0.817, n = 0.965, H0 = 69.7 km s−1 Mpc−1, and
fbar = 0.163.
In Fig. 5, we illustrate the evolution of various galaxy proper-
ties based on our one-zone dynamical model. Specifically, we plot
how baryonic masses, stellar masses, gas masses, molecular gas
masses, and SFRs change with time for galaxies with different stel-
lar masses and different QMS. We find that galaxies lower sSFRs
acquire their masses much earlier than galaxies with larger sSFRs.
For instance, a galaxy with a z = 0 mass of 1010 M acquires
1/10-th (one half) of its final stellar mass (i) by z ∼ 1.1 (z ∼ 0.45)
if it lives on the main sequence, (ii) by z ∼ 0.46 (z ∼ 0.18) if
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Figure 5. Evolution of global galaxy properties as predicted by the dynamical model of section 3.1 for our fiducial set of parameters. Each panel shows the
baryonic mass of the galaxy (black solid lines on the top), the stellar mass (red dot-dashed lines), the gas mass (magenta dashed lines), the H2 mass (green
dotted lines), and the SFR (blue solid line, see axis on the right) as function of redshift (bottom axis) and time (top axis). (Top left) Masses and SFRs for a
galaxy with a stellar mass of 1010 M at z = 0 that evolves on top of the main sequence of star formation, QMS = 1. (Top right) same as top left, but for
a galaxy with a stellar mass of 109 M at z = 0. The y-axes are rescaled by a factor 1/10. Stellar masses and SFRs evolve in an approximately proportional
way in high and low mass galaxies at fixed QMS = 1. However, the gas-to-stellar ratio increases significantly with decreasing stellar mass. (Bottom left)
Same as top left, but for a galaxy that evolves parallel to, but below, the main sequence of star formation, QMS = 1/3. (Bottom right) Same as bottom left,
but for a galaxy that lies above the main sequence of star formation, QMS = 1/3. Galaxies that evolve below (above) the main sequence of star formation
acquire much of their stellar mass at higher (lower) redshift and are more gas-poor (gas-rich) compared with galaxies on the main sequence.
it lives a factor 3 above the main sequence, and (iii) by z ∼ 2.4
(z ∼ 1.0) if it lives a factor 3 below the main sequence. Hence,
even a small (but persistent) offset from the main sequence of star
formation has a large impact on the growth history of galaxies. The
mass assembly also depends on the final stellar mass, although only
weakly. For instance, a galaxy with a z = 0 mass of 109 M
acquires 1/10-th (one half) of its final stellar mass by z ∼ 0.90
(z ∼ 0.38), i.e., at a slightly later time than a galaxy with a z = 0
mass of 1010 M.
3.2 Predictions of the dynamical model
The dynamical model fits a number of observations by construc-
tion, e.g., the SFR - stellar mass relation or the evolution of the gas
depletion time. In this section, we test two genuine predictions of
the model against observational data: the stellar mass – ISM metal-
licity relation and the stellar mass – halo mass relation. We discuss
the Z – D relation in section 3.3.
We show in Fig. 6 the stellar mass – ISM metallicity rela-
tion as predicted by the dynamical model. In particular, we plot
12+log10(O/H) = 8.69+log10(Z/0.014) at z = 0 and z = 2.3
for a range of stellar masses and sSFRs. The ISM metallicities in-
crease with decreasing redshift in good agreement with observa-
tional data (Sanders et al. 2014). Furthermore, we reproduce the
observed trend of galaxies with larger sSFR having lower metallic-
ities (e.g., Mannucci et al. 2010; Andrews & Martini 2013; Lara-
Lo´pez et al. 2013; Sanders et al. 2015).
The dynamical model predicts that offsets from the main se-
quence of star formation affect the ISM metallicity more strongly
at higher redshift. In Fig. 6, we vary QMS by a factor 3 at z = 0
and by 6 50% at z = 2.3, yet the change in metallicity is similar
(∼ 0.04−0.05 dex). The equilibrium framework offers an explana-
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Figure 6. Stellar mass - ISM metallicity relation as predicted by the dynam-
ical model of section 3.1 for our fiducial set of parameters. We compare the
model predictions for the z = 0 (solid lines) and z = 2.3 (dashed lines)
mass – metallicity relation with measurements for local galaxies (SDSS;
from Sanders et al. 2015) and star forming galaxies at z ∼ 2.3 (Sanders
et al. 2015). The observational data uses the O3N2 metallicity indicator for
both low and high redshift galaxies to minimize biases that arise from the
metallicity calibration (Kewley & Ellison 2008). Blue, green, and red lines
show samples binned according to their sSFR:QMS = 3, 1, 1/3 (at z = 0)
andQMS = 0.75, 1, 1.5 (at z = 2.3). The lower range ofQMS at z = 2.3
was chosen to roughly mimic the spread in SFRs in the observational data
set by Sanders et al. (2015). The dynamical model reproduces the observed
stellar-mass metallicity relation in shape, normalization, and redshift evo-
lution. Furthermore, it predicts a dependence on the offset from the main
sequence of star formation in (at least qualitative) agreement with observa-
tions (Mannucci et al. 2010; Andrews & Martini 2013; Lara-Lo´pez et al.
2013; Sanders et al. 2015).
tion for this result via equation (7). The normalization of the main
sequence of star formation increases with redshift. Hence, the ratio
between SFR and gas inflow rate, r, becomes more sensitive to the
first term in the brackets in the equation, i.e., the term proportional
to the sSFR, at higher z. The ISM metallicity is controlled by the
value of r, or more precisely by r/(1− rZ), via equation (6).
The stellar mass – halo mass relation provides a further test
of our dynamical model. Observationally, this relation can be de-
rived from, e.g., galaxy clustering (e.g., Yang, Mo & van den Bosch
2003; Zehavi et al. 2004; Skibba & Sheth 2009), weak lensing (e.g.,
Mandelbaum et al. 2006), satellite kinematics (e.g., Carlberg et al.
1996; More et al. 2011), or abundance matching (e.g., Kravtsov &
Klypin 1999; Conroy, Wechsler & Kravtsov 2006; Guo et al. 2010;
Moster, Naab & White 2013; Behroozi, Wechsler & Conroy 2013).
Conciliating the predictions of galaxy evolution models with the
observed stellar mass – halo mass relation proved challenging for
a long time. Even now models struggle at reproducing the evolu-
tion of this relation (e.g., Guo et al. 2011; Somerville et al. 2012;
Stinson et al. 2013; Lu et al. 2014). However, recent progress in
the modeling of feedback processes (especially galactic winds) and
star formation physics lead to an improved match with observations
(Munshi et al. 2013; Henriques et al. 2013; Hopkins et al. 2014; Vo-
gelsberger et al. 2014; Schaye et al. 2015).
Our dynamical model tracks explicitly stellar, metal, dust, and
gas masses of galaxies, but not the masses of their parent dark
matter halos, Mhalo. We estimate the latter from the gas accretion
rate on to the galaxy, M˙g,in, and the gas outflow rate M˙g,out =
outSFR. We assume that a fraction χrec of the currently outflow-
ing mass is falling back on to the galaxy and contributes to M˙g,in.
Hence, the gas accretion rate on to the halo is M˙g,in − χrecM˙g,out
and the halo mass is
Mhalo(t) =
1
fbar
∫ t
0
[
M˙g,in(t
′)− χrecM˙g,out(t′)
]
dt′. (29)
The wind recycling fraction χrec at z = 0 is not well con-
strained observationally. Hydrodynamical simulations and semi-
analytical models (Oppenheimer & Dave´ 2008; Oppenheimer et al.
2010; Henriques et al. 2013) predict that wind recycling plays a
larger role at lower redshift, i.e., that χrec increases with decreasing
z. These models also suggest that more massive halos have shorter
return times because of their deeper potential wells and the larger
ram-pressure forces resulting from higher densities of the circum-
galactic medium.
We adopt χrec(z = 0) = 0.5 and χrec(z = 2) = 0.35. We
decided not to model the halo mass dependence of χrec to avoid in-
troducing additional free parameters into our model. Furthermore,
we found that the precise value of χrec has only a slight impact
on Mhalo. For instance, changing χrec(z = 2) from 0.35 to 0.45
increases halo masses typically by ∼ 0.06 dex.
Fig. 7 shows the stellar mass – halo mass relation as pre-
dicted by our dynamical model. The stellar mass to halo mass ra-
tio (SHMR) changes with halo mass in agreement with empirical
constraints (Moster, Naab & White 2013; Behroozi, Wechsler &
Conroy 2013) over a large range of stellar masses M∗ ∼ 3 × 107
– 3× 1010 M. Our dynamical model does not reproduce the ob-
served drop in the SHMR at Mhalo & 1012 M, however. This is
expected as we do not model the quenched galaxy population that
dominates the average value of the SHMR at the high mass end.
Star forming galaxies with largerQMS reside in more massive
halos. This trend is relatively inconspicuous at z = 0 but gets more
pronounced with redshift. The figure also shows that massive star
forming galaxies (those with M∗ > 3 × 1010 M) have larger
SHMRs than the average population of observed massive galaxies
(most of them are quenched). Hence, massive quenched galaxies
are predicted to have larger halo masses than star forming galaxies
of the same stellar mass, see also More et al. (2011) and Rodrı´guez-
Puebla et al. (2015).
Fig. 7 demonstrates further that the stellar mass – halo mass
relation evolves with redshift. A halo of a given mass hosts a lower
mass galaxy at z = 2 compared with z = 0. Similarly, galaxies
of a specified stellar mass live in more massive halos at higher red-
shift. Again this finding is in quantitative agreement with empirical
measurements of the evolution of the stellar mass – halo mass rela-
tion (Moster, Naab & White 2013; Behroozi, Wechsler & Conroy
2013).
The equilibrium framework explains most of these findings.
Ignoring χrec, we see from equations (2, 29) that M˙∗/M˙halo ∼
fbar r. Hence, galaxies with low r will have low SHMRs, while
galaxies with large r will have large SHMRs. Low mass galaxies
have low r because their mass loading factors are large, see equa-
tion (7). In fact, the scaling of the mass loading factor with stellar
mass imprints the corresponding scaling of the SHMR (see also
Lilly et al. 2013). Similarly, r decreases as the sSFR increases for
galaxies of a given stellar mass. Hence, at fixed stellar mass a posi-
tive offset from the main sequence of star formation implies larger
halo masses. Finally, galaxies have larger sSFR and, hence, smaller
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Figure 7. Stellar mass to halo mass ratio (SHMR) as predicted by the dynamical model of section 3.1 for our fiducial set of parameters. We show predictions
for z = 0 in the left-hand panel and for z = 2 in the right-hand panel. Blue, green, and red solid lines in each plot correspond to galaxies above (QMS = 3),
on (QMS = 1), and below (QMS = 1/3) the main sequence of star formation, respectively. Circles denote stellar masses from 3× 107 to 1011 M in 0.5
dex steps (bottom left to top right). Dotted lines show empirical constraints by Moster, Naab & White (2013) and Behroozi, Wechsler & Conroy (2013), see
legend. The shaded region around the dotted region indicates a scatter of 0.2 dex (Behroozi, Wechsler & Conroy 2013; Reddick et al. 2013). The double-sided
arrow at the top left shows how wind recycling (see the text) affects the predictions of the dynamical model. We adopt wind recycling fractions of 0.5 at z = 0,
and 0.35 at z = 2. The gray dashed curve in the right-hand panel corresponds to the z = 0 & QMS = 1 SHMR of the left-hand panel but with a wind
recycling fraction of 0.35. The SHMR changes not only with Mhalo, but also with QMS and with redshift. The dynamical model reproduces the empirically
determined stellar mass – halo mass relation for galaxies in halos with Mhalo . 1012 M.
r at higher z, which explains the redshift evolution of the stellar
mass – halo mass relation.
We note that our model also reproduces (within systematic
uncertainties) the observed stellar mass functions at z = 0 and
z = 2 as a corollary of matching the stellar mass – halo mass
relation.
3.3 Validating the equilibrium ansatz
The dynamical model provides us with a simple framework to test
whether the equilibrium dust-to-gas ratio, equation (14), is indeed
a good proxy for the actual dust-to-gas ratio of galaxies. In section
2.2, we showed that the dust-to-gas ratio approaches the equilib-
rium value (on time scales of∼ tdep) for various simple functional
forms of the gas inflow rate and a constant out and tdep. Here, we
want to explore whether the equilibrium prediction (equation 14)
also holds under more realistic conditions, i.e., for mass loading
factors, gas depletion times, and H2 fractions etc. that evolve with
the growing galaxy and for gas inflow rates that are derived from
integrating the observed stellar mass – SFR relation backward in
time.
We compute the equilibrium predictions as follows. For a
given Z, we compute r via equation (6) and insert Z and r into
equation (12) to compute 〈D〉 via equation (14). We use 〈D〉/Z
as our equilibrium estimate for D/Z. This procedure is slightly
different from the alternative choice of computing 〈Z〉 and 〈D〉
based on the current value of r given by the dynamical model.
However, our adopted approach is advantageous for a number of
reasons. First, we are interested in using the equilibrium ansatz to
study the observed Z – D relation. Hence, we want to be able to
predict the dust-to-gas ratio based on the actual ISM metallicity Z
of a galaxy. Secondly, we find that computing 〈D〉 based on Z re-
sults in a somewhat better agreement with the actual dust-to-gas
ratios. Finally, Z is observationally more accessible than r.
In Fig. 8, we compare the equilibrium predictions with the
current values of D and D/Z for galaxies with various stellar
masses and offsets from the main sequence of star formation. The
equilibrium predictions match the actual time-dependent solutions
well, especially outside the (brief) transitionary phase during which
D/Z increases by two orders of magnitude.
We can understand this behavior by analyzing the range of ap-
plicability of the equilibrium ansatz D˙ ≡ Z˙ ≡ 0. In section 2.1 we
showed that Z˙ ∼ 0 is a good ansatz as long as tdepr˙  1, or, equiv-
alently, as long as tdepZ˙  y(1 − R). This inequality holds for
most galaxies because (i) the metallicity increases rather steadily
with time, i.e., Z˙ ∼ Z/tH, (ii) tdep/tH . 1, and (iii) y is an upper
limit to Z. Similarly, it is straightforward to show that D˙ ∼ 0 is
a good approximation if tdepD˙  yD(1 − R). The inequality is
generally satisfied at low dust-to-metal ratios (here D ∼ ZyD/y).
At large dust-to-metal ratios, the ISM dust-to-gas ratio approaches
β/γ, whether the above inequality is satisfied or not. Hence, the
equilibrium dust-to-gas ratio is an accurate predictor of the actual
ISM dust-to-gas ratio also in this case. The equilibrium ansatz is
least accurate at intermediate dust-to-metal ratios when D˙ is large,
i.e., during a time of fast increase of the dust-to-gas ratio.
We now turn to the main focus of this paper, the relation be-
tween ISM metallicity and the dust-to-metal (or dust-to-gas) ratio.
Fig. 9 shows the Z –D/Z relation at z = 0 as predicted by the dy-
namical model of section 3.1 and compares it both with predictions
of the equilibrium model and with observational data.
In order to track the evolution of the dust-to-gas ratio with the
help of our dynamical model, equation (9), we need to specify an
ISM growth time of the dust mass. We adopt as a fiducial value
tISM = 1.5 × 104 yr and explore the impact of modest variations
(factor 2) in the bottom panels of Fig. 9. Increasing (Decreasing)
tISM shifts the transition from low to high D/Z towards higher
(lower) metallicities as expected from equation (19).
Galaxies with elevated sSFRs (QMS > 1) have shorter molec-
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Figure 8. Comparison between the predictions of the dynamical model and those based on the equilibrium ansatz. Each panel shows the ISM metallicity (Z,
blue solid line), the dust-to-gas ratio (D, green solid line), the dust-to-metal ratio (D/Z, red solid line), and the ratio between SFR and gas inflow rate (r,
black dotted line) as predicted by the dynamical model of section 3.1 for our fiducial set of parameters. The individual panels in this figure correspond to the
panels in Fig. 5. (Top left) for main-sequence galaxy with a stellar mass of 1010 M at z = 0. (Top right) same as top left, but for a galaxy with a stellar mass
of 109 M at z = 0. (Bottom left) Same as top left, but for a galaxy withQMS = 1/3. The redshift dependence of the sSFR changes at z = 2, see equation
(22), resulting in a slight kink in r at that time. (Bottom right) Same as bottom left, but for a galaxy with QMS = 1/3. Dashed lines show the equilibrium
predictions: the instantaneous equilibrium dust-to-gas ratio (〈D〉, green dashed line) as well as the instantaneous dust-to-metal ratio (〈D〉/Z, red dashed line).
〈D〉 follows from equation (14) upon inserting the current metallicity Z and r(Z) via equation (6). The equilibrium ansatz slightly overestimates the redshift
at which the transition from low to high dust-to-metal ratios takes place. However, outside this (brief) transition regime, D and D/Z of the dynamical model
are in excellent agreement with the predictions based on the equilibrium approach. Lower mass galaxies and galaxies that live above the main sequence of star
formation generally experience the transition from low to high dust-to-metal ratios at lower redshifts.
ular gas depletion times, see equation (23), and thus lower γ.
Hence, their critical metallicity will be higher, i.e., the transition
from low to high D/Z takes place at larger Z, as seen in Fig. 9.
Galaxies with deficient sSFRs (QMS < 1) have correspondingly a
lower critical metallicity.
The transition from low to highD/Z ratios occurs at low stel-
lar masses. We estimate a transition stellar mass of M∗ ∼ 108 M
for main sequence galaxies with tISM = 1.5 × 104 yr. The tran-
sition mass is higher (lower) for galaxies above (below) the main
sequence of star formation and for galaxies with longer (shorter)
dust growth times tISM.
Overall, we find a reasonable agreement between the predic-
tions of the dynamical model and those of the equilibrium ap-
proach, especially before and after the transition from low to high
D/Z. During the transition period, however, the equilibrium model
somewhat overestimates the D/Z ratio, see also Fig. 8. We can
mitigate this bias by increasing tISM by a factor of 1.43, i.e., by
replacing γ = tdep,H2/tISM with 0.7γ. This small adjustment re-
sults in an overall improved match between the predictions of the
dynamical model and the equilibrium approach, see the right-hand
panels of Fig. 9.
We check our model predictions against the recent compila-
tion of dust-to-gas ratios and metallicities by Re´my-Ruyer et al.
(2014). Those authors combine observations of dwarf galaxies
from the Dwarf Galaxy Survey (DGS; Madden et al. 2013), the
KINGFISH survey (Kennicutt et al. 2011), and the sample by
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Figure 9. Dust-to-metal ratio vs ISM metallicity (converted to oxygen-abundance) at z = 0. Green solid lines show predictions of the dynamical model
introduced in section 3.1 for tISM = 1.5 × 104 yr and QMS = 1. The plotted dust-to-metal ratios are normalized to their value at solar metallicity
(D/Z) ∼ fdep = 0.7. (Top left) Predictions of the equilibrium approach, equations (6, 14), are shown by dashed lines. The H2 depletion time at z = 0,
see equation (23), and the aforementioned value of tISM are used to calculate γ. Red and blue lines show results for galaxies offset from the main sequence of
star formation, specifically forQMS = 1/3 andQMS = 3, respectively. (Top right) same as left-hand panel, but equilibrium dust-to-gas ratios are computed
after rescaling γ by a factor 0.7. This small adjustment improves the agreement of the equilibrium approach with the predictions of the dynamical model
during the transition phase from low to high D/Z. (Bottom left) Same as top left but red and blue lines now show the effect of varying tISM by a factor of 2.
(Bottom right) Same as bottom left but with γ replaced by 0.7γ as in the top right panel. Black symbols in each of the four panels are measurements of Z and
D/Z in nearby galaxies (Galametz et al. 2011; Kennicutt et al. 2011; Re´my-Ruyer et al. 2014), see legend. These D/Z values are normalized to the D/Z
value at solar metallicity adopted by Re´my-Ruyer et al. (2014): (D/Z) ∼ 0.44. Error bars indicate the uncertainties in the measurement of D. Metallicities
are derived using the R23 method with the Pilyugin & Thuan (2005) calibration and are uncertain at a level of ∼ 0.1 dex (see Re´my-Ruyer et al. 2014 for
details). The shaded region (the same as in Fig. 3) is a fit to the observational data by Re´my-Ruyer et al. (2014). Both the dynamical model and the equilibrium
approach reproduce the observed scaling of D/Z with ISM metallicity. Modest variations of tISM and QMS among galaxies can explain the scatter at low
metallicities, but are probably not responsible for the scatter at Z & 1/3Z.
Galametz et al. (2011). The combined sample spans a large range
of metallicities (12 + log10(O/H) ∼ 7 – 9) and dust-to-gas ratios
(D ∼ 10−6 – 10−2). Crucially, metallicities and dust-to-gas ratios
of all galaxies in the sample are computed in a consistent fashion
using the same methodology. Specifically, metallicities are derived
based on theR23 = ([OII]λ3727+OIII]λλ4959, 5007)/Hβ ratio
and a Pilyugin & Thuan (2005) calibration. Dust masses are esti-
mated from a parametrized SED fit to the observed broad band IR
emission (collected via various instruments including Spitzer and
Herschel), following the approach by Galliano et al. (2011). HI and
H2 masses are obtained from a variety of previous works. A metal-
licity dependent CO−H2 conversion factor is used to account for
the increased fraction of CO-dark molecular gas at low metallici-
ties (e.g., Wolfire, Hollenbach & McKee 2010; Feldmann, Gnedin
& Kravtsov 2012a,b; Narayanan et al. 2012; Bolatto, Wolfire &
Leroy 2013; Cormier et al. 2014). We refer the reader to Re´my-
Ruyer et al. (2014) and the references therein for further details on
the observational data sets.
By comparing the prediction of the dynamical model with ob-
servations, we can narrowly constrain tISM to 1 − 3 × 104. How-
ever, the actual value of tISM is subject to systematic uncertainties
of the metallicity estimates. According to Kewley & Ellison (2008),
the metallicity calibration used in the sample by Re´my-Ruyer et al.
(2014) typically results in metallicity estimates that are smaller than
those of other methods. The shift can be up to 0.4 dex for low mass
galaxies. We see from equation (19) that Zcrit ∼ q1/2 ∝ t1/2ISM.
Hence, larger ISM metallicities of observed galaxies imply larger
tISM. For instance, if the actual metallicities are higher by 0.4 dex,
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we will need to adopt tISM ∼ 0.6− 1.9× 105 yr. In this case, the
time scale tgrow = tISM/Z for dust to grow via the accumulation
of metal atoms out of a solar metallicity ISM is ∼ 0.4− 1.4× 107
yr.
The lower limit ofD/Z (normalized to its value at solar metal-
licity) is yD
y
1−rZ
1−rD
1
fdep
, or ∼ 1.1× 10−2 for our fiducial choice of
model parameters. In other words, we can determine the ratio be-
tween dust yield and metal yield, yD/y, simply from measuring
the floor value of D/Z at low metallicities. This procedure offers a
simple way to determine dust yields, provided the metal yields are
known. We presented in section 2.3 an alternative method based on
measuring the transition metallicity and dust-to-gas ratio, Zcrit and
Dcrit. The largest systematic for both methods is the metallicity
calibration which influences each method in a different way. The
reason is that D ∝ Z (for Z  Zcrit) but Dcrit ∝ Z2crit. Hence, a
combination of both methods may provide a novel way to calibrate
the metallicity scale in a low metallicity environment.
Fig. 9 shows that modest galaxy-to-galaxy variation of tISM
and/or QMS can explain most of the scatter displayed by D/Z at
low metallicities (12 + log10(O/H) < 8). In contrast, even strong
variations of these parameters cannot account for the observed scat-
ter of D/Z at Z & 1/3 Z. We speculate that processes not cap-
tured by the equilibrium approach, such as short time fluctuations
of the gas inflow rate or a bursty star formation history, may instead
be responsible (e.g., Zhukovska 2014).
4 WHAT IS DRIVING METAL AND DUST
ABUNDANCES IN LOW MASS GALAXIES?
4.1 The Role of Outflows
Various physical processes affect the metallicity and dust-to-gas
ratio of the ISM. Metal (dust) depleted inflows reduce Z (D) as
the inflowing material mixes with the ISM. Stars inject metals and
dust into the ISM, but may also destroy dust (via supernova shock-
waves). Dust can also grow in the cold phase of the ISM. In con-
trast, galactic outflows (unless they are metal/dust enriched or de-
pleted compared with the ISM) do not change Z or D of a galaxy.
It is thus perhaps counter-intuitive that outflows nonetheless drive
metallicities and dust-to-gas ratios of low mass galaxies, as we will
show in this section.
A fraction out r of the inflowing gas mass is expelled imme-
diately via outflows. According to the mass conservation equation
(1), the remainder of the inflowing mass is either consumed in star
formation ((1−R)SFR) or added to the gas reservoir (M˙g). Note
that (1−R)SFR outSFR, i.e., outflows dominate the removal
of the ISM in M∗(z = 0) . 1010 M galaxies. Hence, for the
qualitative discussion in this section we will ignore the role of gas
consumption via star formation.
We remind the reader that the (partly empirical) dynamical
model introduced in the previous section reproduces many integral
galaxy properties including theZ –D/Z relation. We used an equi-
librium approach to demonstrate that this relation arises from the
scaling of Z and D with r, the ratio between SFR and gas inflow
rate, see equations (6, 14). Low values of r lead to low metallicities,
low dust-to-gas ratios, and low dust-to-metal ratios, see section 2.3.
Hence, the process that sets r is also the process that drives Z and
D in galaxies.
The value of r is small if out + M˙g/SFR 1, see equation
(7). The mass loading factor is large (∼ 30 for M∗ = 108 M
at z = 0) and all but ensures small r for low mass galaxies un-
less M˙g/SFR is negative and has a similar absolute value as out.
However, r will also be small if the ISM mass increases quickly
(M˙g/SFR 1).
To clarify the relative role of outflows and growing gas reser-
voirs we show in Fig. 10 the ratio
out r =
out SFR
M˙g,in
between the outflow rate and the gas inflow rate. The results pre-
sented in Fig. 10 are based on the dynamical model of section
3.1 for our fiducial choice of parameters. Note that M˙g,in ∼
outSFR + M˙g, i.e., out r measures how inflowing gas is dis-
tributed among the outflow and reservoir channels. If almost all
of the inflowing gas is expelled (and the gas reservoir remains ef-
fectively constant), the value is about 1. Galaxies with negligible
inflow rates have large ratios 1. In this case, outflows lead to a
fast reduction of the ISM mass. In contrast, a ratio below 0.5 in-
dicates that M˙g/SFR > out, i.e., r is driven by a growing ISM
reservoir.
Fig. 10 shows that low mass galaxies have out  M˙g/SFR,
i.e., they are outflow dominated. Gas inflows and outflows in low
mass galaxies are tightly coupled since z ∼ 3. The physical picture
is thus as follows:
• The expulsion of a large fraction of the inflowing gas limits
the mass of the ISM and, thus, the SFR in low mass galaxies. In
other words, stronger outflows allow for a larger inflow rate at a
fixed SFR (and at a fixed stellar mass for a given QMS). Outflows
are thus directly responsible for the low values of r in low mass
galaxies.
• The inflowing material is dust- and metal-poor compared with
the ISM. Hence, a large gas inflow rate results in a strong dilution
of any existing amount of metals and dust in the ISM. Outflows
reduce metallicities and dust-to-gas ratios in galaxies because they
boost the dilution of the ISM and not because they remove any
excess metals or dust.
• The scaling of the mass loading factor with stellar mass is re-
sponsible for the reduction of Z,D, andD/Z with decreasingM∗.
If this scaling were absent, outflow dominated galaxies of any mass
would have similar values of r and, hence, similar metallicities,
dust-to-gas ratios, and dust-to-metal ratios.
Hence, outflows drive the evolution of metals and dust in
galaxies by regulating gas inflows (at fixed SFR), i.e., by regulating
the dilution of the ISM. In contrast to previous works (e.g., Dal-
canton 2007; Spitoni et al. 2010), outflows and dilution of gas are
thus not considered independent processes. Instead, galaxies nat-
urally reach an equilibrium state between inflows, star formation,
and outflows. The properties of the equilibrium state (e.g., Z and
D) depend on the mass loading factor of the galactic winds.
4.2 Potential Caveats
The physical picture outlined in section 4.1 connects outflows, in-
flows, and star formation in galaxies. We based some of our con-
clusions, e.g., that r is set by outflows and not by a growing ISM
mass, on the dynamical model of section 3.1. In this section, we
discuss potential caveats of our approach and highlight future re-
search opportunities.
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Figure 10. Ratio between the outflow rate, out SFR, and the gas inflow rate, M˙g,in, as predicted by the dynamical model introduced in section 3.1. A
ratio close to unity implies that most of the inflowing material is removed from the galaxy via outflows with little impact on the total ISM mass (“outflow
dominated”). A ratio below 0.5 indicates that a large fraction of the inflowing material is stored in a growing ISM mass (“ISM growth dominated”), while a
ratio above 2 corresponds to small gas inflow rates and quickly decreasing ISM reservoirs (“ISM depletion dominated”). (Left) for a galaxy with a z = 0 stellar
mass of 108 M, i.e.., a typical mass for galaxies near the critical metallicity Zcrit, see section 3.3. (Right) same as left but for a galaxy with a stellar mass
of 1010 M. In each panel we show the evolution of out r as function of redshift (bottom axis) and time (top axis) for three different offset from the main
sequence of star formation. The green solid, red dashed, and blue dot-dashed lines correspond to a galaxy that lives on, below, and above the main sequence,
respectively, see legend. The redshift evolution of the sSFR changes slope at z = 2, see equation (22), resulting in a small jump of r at that time. Galaxies with
z = 0 stellar masses. 1010 M reside in the “outflow dominated” regime from high redshifts until today. Hence, galactic outflows are primarily responsible
for the small values of r = SFR/M˙g,in, and thus for the much lower metallicities, dust-to-gas ratios, and dust-to-metal ratios, of low mass galaxies.
The dynamical model of section 3.1 is a one zone model, i.e.,
it does not capture spatial variations of any of the ISM compo-
nents. For instance, inflowing material is completely mixed with
the ISM because the model only traces the total metal, dust, and
gas mass in the zone. However, a one-zone model is a reasonable
(and commonly employed) choice as long as we focus on galaxy-
integrated properties and on average scaling relation. Clearly, such
an approach is not well suited to study the intrinsic scatter or the
spatial variability of scaling relations. For these tasks, numerical
simulations that incorporate a local dust formation and destruction
model will be more suited.
A one zone model is also convenient as it limits the number
of tunable parameters. We eliminate most of the free parameters
of our model by incorporating galaxy-averaged scaling relations
derived from observations and numerical simulations. Most of the
parameters that remain, e.g., the stellar metal yield y or the stel-
lar return fraction R, are strongly constrained by observations or
theory. A variation of these parameters within reasonable bounds
will not change our results on a qualitative level. Indeed, we can
quantify such changes with the equations provided by the equilib-
rium ansatz, section 2. Other parameters, e.g., the dust yield yD or
the dust depletion of gas inflows rD, have limited impact on the
predictions of the model. In fact, the only unconstrained, yet cru-
cial, parameter of our model is γ. However, this parameter does not
affect the conclusions reached in section 4.1.
The dynamical model of section 3.1 infers the evolution of
stellar masses and gas inflow rates from the average main sequence
lives of galaxies. The model thus averages over fluctuations of the
gas accretion rates that likely result in frequent star formation bursts
in low mass galaxies (e.g., Tolstoy, Hill & Tosi 2009; Yin, Mat-
teucci & Vladilo 2011). The typical timescale of these fluctuations
is set by the dynamical time of the central part of the galaxy (a
few 100 Myr for dwarf galaxies), see Stinson et al. (2007). The
timescale of star formation variability is thus an order of magni-
tude shorter than the gas depletion time (& Gyr) that determines
the long term, equilibrium evolution. It is thus likely justified to
average over these fluctuations, as we do in our model, if all one
cares about is the mean evolution of galaxy properties. However,
this time variability will introduce significant scatter among galaxy
properties, such as between Z and D, see e.g., Zhukovska 2014. In
future work it may be worthwhile to add a stochastic component of
gas accretion to our dynamical model and study the implications,
see Forbes et al. (2014).
We showed that outflows drive Z and D via the regulation
of gas inflows (by setting r). Interestingly, outflows affect Z and
D only via r. Indeed, neither the equilibrium metallicity nor the
equilibrium dust-to-gas ratio depend explicitly on out at fixed r,
see equations (6, 14). This property of the equilibrium solution
disappears, however, if metal-enriched/-depleted or dust-enriched/-
depleted outflows are considered (see below). An important ques-
tion to ask is thus whether metal and/or dust enriched outflows af-
fect the conclusions of section 4.1 in a significant way.
Let the metallicity and dust-to-gas ratio of outflows be Z routZ
and D routD , respectively. After inserting these changes into equa-
tions (4) and (9), we can re-derive the equations for the equilibrium
metallicity and dust-to-gas ratio. Equation (6) becomes
〈Z〉 = y (1−R) r
1− rZ + (routZ − 1) out r
, (30)
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while equation (12) becomes
β = γfdep〈Z〉 −
[
SN +R+
1− rD + (routD − 1) out r
r
]
.
(31)
Equations (11, 13, 14) remain unchanged.
The revised equations contain the mass loading factor only
as part of the product out r. Fig. 10 demonstrates that out r ∼
1. Hence, modest metal or dust loadings (1 < routZ,D < 2) have
only a minor impact on the equilibrium metallicity and dust-to-gas
ratio. A stronger metal loading results in lower 〈Z〉 and lowerZcrit,
while a stronger dust loading raises the value of Zcrit.
We note that accounting for metal and dust loadings amounts
to replacing rZ with rZ + (1− routZ )out r and rD with rD + (1−
routD )out r, i.e., metal and dust loadings can be absorbed into the
definition of the relative dust and metal enrichments of inflowing
material, rZ and rD. Note however, that large metal (dust) loading
factors result in a negative effective metal (dust) enrichment of the
inflowing gas.
A sometimes proposed explanation for the stellar mass –
metallicity relation and its evolution is that metal enriched outflows
reduce Z in low mass galaxies (e.g., Spitoni et al. 2010). However,
this mechanism requires that the metal loading depends on stellar
mass and redshift in a particular way. In contrast, we argued (cf.
Dave´, Finlator & Oppenheimer 2012) that the dependence of the
mass loading factor on stellar mass naturally introduces a scaling
of Z with stellar mass. Given that our model reproduces the ob-
served stellar mass – metallicity relation for routZ = 1, the metal
loading factor of outflows is probably not very large.
5 SUMMARY & CONCLUSIONS
In this paper, we analyzed the origin and the functional form of the
relation between the ISM metallicity Z and the dust-to-gas ratio D
of low mass galaxies. To this end, we combined various empirical
data into a simple one-zone model and added the crucial aspects
of metal and dust chemistry including the production of metals and
dust by stars, dust growth in the ISM, dust destruction via SNe
shockwaves, as well as inflows and outflows. We tested this model
against observations and against the predictions of an even simpler
model derived from an equilibrium ansatz. Our main results are as
follows:
• The dynamical, one-zone model matches a large number of
core observations, including the stellar mass – metallicity relation
and its evolution out to z = 2 (Fig. 6), the stellar mass – halo mass
relation and its evolution out to z = 2 (Fig. 7), and the Z – D
relation at z = 0 (Fig. 9).
• Galaxies with different offsets from the main sequence of star
formation, but with similar stellar masses, differ in their star for-
mation and gas accretion histories (Fig. 5). In particular, galaxies
that live above (below) the main sequence form a larger (smaller)
fraction of their stars at late times and have larger (smaller) gas
fractions.
• Galaxies switch from low dust-to-metal ratios at Z < Zcrit
to large dust-to-metal ratios at Z > Zcrit. The critical metallicity
Zcrit is set by the competition between dust growth in the ISM and
dilution via dust-poor gas inflows. Grain destruction in SN shock-
waves plays a sub-dominant role. The concept of a critical metal-
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Figure 11. Dust-to-metal ratio vs ISM metallicity (converted to oxygen-
abundance) at z = 0 (solid lines) and at z = 2 (dashed lines) as predicted
by the dynamical model introduced in section 3.1. We show the model re-
sults for tISM = 1.5 × 104 yr (green lines; our fiducial value to match
z = 0 observations, see Fig. 9) and tISM = 700 yr (red lines). The dust-
to-metal ratios are normalized to their value at solar metallicity. Triangles
with error bars show the dust-to-metal ratio of z ∼ 1 − 4 host galaxies
of gamma-ray bursts (De Cia et al. 2013) and QSO absorbers (Noterdaeme
et al. 2008). The dust-to-metal ratios are derived from the relative depletion
of Zn and Fe using optical/UV absorption line spectroscopy, while metal-
licities are based on the Zn/H ratio, see De Cia et al. (2013) for details.
The shaded region is the broken power-law fit by Re´my-Ruyer et al. (2014)
to the Z – D/Z relation of z = 0 galaxies, see Fig. 9. The dynamical
model predicts little evolution of the Z – D/Z relation between z = 0 and
z = 2 as long as the ratio between tISM and tdep,H2 is approximately
redshift independent. The predictions of the dynamical model can be recon-
ciled with the observations of high redshift damped Lyman-α absorbers if
tISM is lower and/or tdep,H2 is larger for such systems.
licity can be replaced with the concept of a critical ratio between
the SFR and the gas inflow rate into a galaxy, see section 2.3.
• A model based on the equilibrium ansatz D˙ = Z˙ ≡ 0 matches
the D – Z relation predicted by the dynamical, one-zone model.
Hence, the equilibrium approach captures most of the physics of
the dynamical model and can thus be used to study the origin of the
D – Z relation.
• The equilibrium ansatz provides simple analytic formulae for
the metallicity, dust-to-gas ratio, and dust-to-metal ratio of galax-
ies, as well as for the critical metallicity, see equations (6, 14, 19).
Metal and/or dust-loaded outflows can be easily incorporated into
the equilibrium formalism, see section 4.2.
• The ratio r between the SFR and the gas inflow rate of a galaxy
is the pivotal parameter that determines the ISM metallicity and
dust-to-gas ratio. Small values of r imply that (at a given SFR) the
gas inflow rate is large. High inflow rates of depleted gas lead to a
dilution of pre-existing amounts of metals and dust in the ISM and,
hence, to low Z, D, and D/Z values.
• Galactic outflows suppress the available amount of gas of a
galaxy (and thus the SFR) while enabling large gas inflow rates.
Hence, outflows regulate the value of r for a given galaxy. Using
the one-zone, dynamical model we infer that outflows are indeed
the main drivers behind the evolution of dust and metals in galaxies,
see section 4.1.
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A precise observational characterization of the Z – D rela-
tion offers promising possibilities to extract information about dust
chemistry and the baryonic cycle of gas accretion, star formation,
and outflows. For instance, as discussed in section 3.3 a lower
bound on the D/Z value constrains the stellar dust yield yD (rela-
tive to the stellar metal yield y). In addition, we showed in section
2.3 how the stellar dust yield can be extracted from a precise mea-
surement of the critical metallicity and the critical dust-to-gas ratio.
We also showed, based on the equilibrium approach, that the criti-
cal metallicity scales with the ratio between the H2 depletion time
and the dust growth time in the ISM. Hence, the functional form of
theZ –D relation encodes important information about the physics
of intra-cloud dust growth in galaxies.
To illustrate this latter point, we show in Fig. 11 the predicted
Z – D relation of main sequence galaxies at both z = 0 and z = 2
based on our dynamical model. Clearly, the Z – D relation evolves
little with redshift as long as γ = tdep,H2/tISM at z = 2 is close
to its value at z = 0. In particular, we predict that the dust-to-
metal ratio of z ∼ 2 − 3 galaxies is similar to the dust-to-metal
ratio of nearby galaxies of the same ISM metallicity. In contrast,
Inoue (2003) argues that the Z – D relation can be understood as a
sequence of galaxies of constant stellar age. He suggests that galax-
ies at z ∼ 3 should have low dust-to-metal ratios because of their
young age.
UV/optical absorption line spectroscopy of z ∼ 1 − 4 host
galaxies of gamma-ray bursts and QSO absorbers show that dust-
to-metal ratios are generally high, similar to those of metal-rich
galaxies in the local Universe. Surprisingly, these largeD/Z values
are even found in galaxies with Z ∼ 1/10 Z (De Cia et al. 2013).
Zafar & Watson (2013) obtain a similar result based on optical/UV
extinction measurements.
A variety of explanations have been proposed to solve this
conundrum. The most likely explanation is that the star formation
efficiency is lower and/or the dust growth time in the ISM is shorter
in these galaxies compared with nearby galaxies as suggested by
Kuo, Hirashita & Zafar (2013). In other words, γ = tdep,H2/tISM
is potentially larger in these galaxies for some unknown reason.
To see why this could work, we remind the reader that the critical
metallicity scales as Zcrit ≈ q1/2 ∝ [y/γ]1/2, see section 2.3, i.e.,
a large γ implies that even moderately metal-poor galaxies have
Z > Zcrit and, hence, large dust-to-metal ratios. Given the slow
evolution of the H2 depletion time with redshift for star forming
galaxies, equation (23), these observations likely identify high z
galaxies / sight lines with suppressed star formation activity or with
reduced dust growth times in the ISM.
A different possibility is that the stellar population inte-
grated metal yield y is lower in high redshift galaxies. Indeed, the
ejected metal mass fractions of AGB stars (Karakas 2010) and SNe
(Nomoto et al. 2006) depend on the initial metallicity of the stel-
lar population. However, Fig. 11 demonstrates that Zcrit has to be
lowered by a factor of ∼ 5, which would thus require an unreal-
istic decrease of y by a factor 25. We note that lowering the dust
destruction efficiency of SN, SN, would not help as Zcrit is set
by the balance of dust growth in the ISM and dust dilution from
inflows, see section 2.3.
A further possibility is that the stellar dust yield is enhanced
in these galaxies compared with local galaxies (e.g., Kuo, Hirashita
& Zafar 2013; Mattsson et al. 2014). Such a change does not affect
the value of Zcrit but it raises the dust-to-metal ratio for Z < Zcrit,
see sections 2.2 and 2.3. However, this approach would require
yD/y ∼ 0.5 which is inconsistent with models for AGN and SN
dust injection (Kuo, Hirashita & Zafar 2013). Furthermore, it does
not explain the drop in the dust-to-metal ratio at very low metallic-
ities, see Fig. 11.
High sensitivity radio arrays, such as ALMA or NOEMA,
have the capacity to trace gas and dust based on their CO, CII, and
infrared emission out to high redshift. Data taken with such obser-
vatories, supplemented with rest-frame UV/optical spectra, should
be able to pin down the functional form of the Z – D relation as
function of redshift, galaxy type, and local environment. Such ob-
servations will thus provide important insights into the interplay
between star formation and ISM chemistry in various galactic en-
vironments.
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